
ROBOTICS
Direct and Inverse Velocity Model

DVM & IVM



DVM
Consider a n-link robot :
𝑤0

𝑛 is the angular velocity of the end-effector

𝑣0
𝑛 is the linear velocity of the end-effector

 
𝑣0
𝑛 = 𝐽𝑣  𝑞

𝑤0
𝑛 = 𝐽𝑤  𝑞

𝜉 = 𝐽  𝑞

𝜉 =
𝑣0
𝑛

𝑤0
𝑛

𝐽 =
𝐽𝑣
𝐽𝑤

 𝑞 =

 𝑞1
 𝑞2
⋮
 𝑞𝑛

10/1/2023 Robotics 2



The Jacobian

10/1/2023 ROBOTICS 3

 
 

 

 

 





























 

































ijoprismatic
z

ijorevolute
z

ooz

JJJJJ

ijoprismatic

ijorevolutez
JJJJJ

ijoprismaticz

ijorevoluteooz
JJJJJ

i

i

ini

in

i

wiwnwww

i

ini

vivnvvv

int
0

int

:

int0

int
:

int

int
:

1

1

11

21

1

21

1

11

21









Example: 2-link planer robot
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IVM
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2R Planer Robot
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DVM & IVM of a 2R planer robot

• 𝜉 =
𝑣
𝑤

= 𝐽  𝑞 =

−𝑙1𝑠1 − 𝑙2𝑠12 −𝑙2𝑠12
𝑙1𝑐1 + 𝑙2𝑐12 𝑙2𝑐12

0 0
0 0
0 0
1 1

×
 𝜃1
 𝜃2

• 𝑣 =
𝑣𝑥
𝑣𝑦
𝑣𝑧

=

−𝑙1𝑠1  𝜃1 − 𝑙2𝑠12  𝜃1 +  𝜃2

𝑙1𝑐1  𝜃1 + 𝑙2𝑐12  𝜃1 +  𝜃2
0

→
𝑣𝑥
𝑣𝑦

=
−𝑙1𝑠1  𝜃1 − 𝑙2𝑠12  𝜃1 +  𝜃2

𝑙1𝑐1  𝜃1 + 𝑙2𝑐12  𝜃1 +  𝜃2

• 𝑤 =
𝑤𝑥
𝑤𝑦

𝑤𝑧

=
0
0

 𝜃1 +  𝜃2
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IVM of 2R planer robot
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Singularity
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Elbow manipulator
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DH Table & Matrix
Link a α d θ

1 0 -90 500 Θ1+90

2 400 0 0 Θ2 

3 300 0 0 Θ3 
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Transformation matrices
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Vectors needed to calculate the Jacobean
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Jacobean matrix

𝐽 =

−100𝐶1 4𝐶2 + 3𝐶23 100𝑆1 4𝑆2 + 3𝑆23 300𝑆1𝑆23
−100𝑆1 4𝐶2 + 3𝐶23 −100𝐶1 4𝑆2 + 3𝑆23 −300𝐶1𝑆23

0 −100 4𝐶2 + 3𝐶23 −300𝐶23
0 −𝐶1 −𝐶1
0 −𝑆1 −𝑆1
1 0 0

𝜉 =
𝑣
𝑤

= 𝐽  𝑞
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DVM Numerical Example
• Find the linear and angular velocity of the end effector when:

𝜃1 =
𝜋

2
, 𝜃2 = −𝜋/3, 𝜃3 = 𝜋/6

 𝜃1 = 0.5,  𝜃2 = 0.3,  𝜃3 = 0.2
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Solution

𝐽 =

0 −50(3 + 4 3) −150

−50(4 + 3 3) 0 0

0 −50(4 + 3 3) −150 3
0 0 0
0 −1 −1
1 0 0
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Velocity of the end effector
𝑣𝑥
𝑣𝑦
𝑣𝑧

=
−75 − 60 3

−100 − 75 3

−60 − 75 3

𝑚𝑚/𝑠𝑒𝑐

𝑤𝑥

𝑤𝑦

𝑤𝑧

=
0

−0.5
0.5

𝑟𝑎𝑑/𝑠𝑒𝑐
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IVM Numerical example
• Find the joints velocity needed to make the linear velocity of the end effector

𝑣𝑥
𝑣𝑦
𝑣𝑧

=
−75 − 40 3

−20 − 15 3

−40 − 75 3

𝑚𝑚/𝑠𝑒𝑐

when:

𝜃1 =
𝜋

2
, 𝜃2 = −𝜋/3, 𝜃3 = 𝜋/6
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Joints velocity

𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 =

 𝜃1 = 0.1
 𝜃2 = 0.2
 𝜃3 = 0.3

𝑟𝑎𝑑/𝑠𝑒𝑐
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Thanks
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