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Bie) Duality Theory

Primal LP : Associated Dual LP :

Max Z=c;X; +CX, + ... + C.X, Min. Z=by, + by, + ... + by,
subject to: subject to:

Ay Xy +apXy + . +HagX, <b; apy; tany, t .. tanyn=¢

Ay Xy T AxXy + .+ 3, X, < Dby ajpYp T agy, t ... a4y, =G,

a'mlxl + am2X2 Tt aman S bm a1ny1 + a2ny2 Tt a'mnym 2 Cn
X;20,%X,>0,....... X;=0,....... , X, =0 y,>0,¥,>0,....... y;=0,....... ,Ym=0
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Duality Theory

The following are the on/y possible relationships between the primal
and dual problems:

1. If one problem has feasible solutions and a bounded
objective function (and so has an optimal solution), then so
does the other problem, so both the weak and the strong
duality properties are applicable

2. If one variable has feasible solutions but an unbounded
objective function (no optimal solutions), then the other
problem has no feasible solutions

3. If one variable has no feasible solutions, then the other
problem either has no feasible solutions or an unbounded
objective function
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Duality Theory

Dual J! (Al simplex Jsaa il o simplex 4% ks primal das sale >

» Associated variables between primal and dual ESYEN
Primal Dual
(original variable) X Y°m+  (surplus variable)

(slack variable) XS4 Y, (original variable)

» Complementary slackness property:
When one variable in primal is basic,
Its associated variable in dual is nonbasic

Primal Dual
(m variables) basic € ) nonbasic  (m variables)
(n variables) nonbasic € > basic (n variables)
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The Primal has: Standard Algebraic Form

2 variables and 3 constraints.
So the Dual has:
3 variables and 2 constraints

y Primal I - Dual N

Max Z = 3x,+5X, Min W = 4y, +12y,+18y,
s.to X, =4 s.toy, +3y, 23
2X, =12 2y, +2y, 25
3X,+2x, <18

\ X1, X, 2 0 / \ Y1, Y2 Y320 /
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Primal
Max. Z = 12X+ 4X,

Subject to constraints:
4X, + X, < 56

2X, + 5%, > 20
o5X;+ 4x,=40
X1, X5 >0

Y
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Example 2
Standard Algebraic Form

Primal in standard form
Max. Z = 12X+ 4X,

Subject to constraints:

4x, + X, < 56

'2Xl = SXZS '20
oX; + 4X,<40

'5Xl' 4X2§ '40
Xy, X, >0
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Dual

Min. Z° = 56y, -20y, + 40y, — 40y,

Subject to constraints:

4y, — 2y, + Jy;— 9y, > 12
7y, -9y, + 4y;—4y,>4
Y1, Y2 Y3, Y42 0

Example 2

Standard Algebraic Form
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— Example 3

)il Standard Algebraic Form
Primal Dual
Min.. Z = 10x,+15Xx, Max.. Z* = 80y, +100y,
Subject to constraints: Subject to constraints:
5X, + 7x, >80 by, + 6y,<10
6x, + 11x,> 100 ly, +11y,<15
X1, X2 0 Y1, ¥22>0
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Primal
Min.. Z = 2x, + 95X,

Subject to constraints:
X1 + X, >2

2X; + X, +6X3< 6
X1=-X,+3X3 =4
X1, X9, X3 >0

>y
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Example 4
Standard Algebraic Form

Primal in standard form :
Max.. Z = -2X, - 5X4

Subject to constraints:
Xy =Xy < -2
2X; + X, +6X3< 6
X1= Xy +3X3< 4
- Xyt Xy -3X3< -4

X1, Xy, X3 >0
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§)lioll Standard Algebraic Form

Dual

Min. Z = -2y, + 6y, + 4y, — 4y,
Subject to constraints:
Y1t 2y, +tY;—-Y, 20
Y1 tYo mY3 tY,> -2
6y, +3Yy3-3y,> -5

Y1, Y2 Y3, ¥4=> 0
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Relationships between Primal and Dual

»Weak duality property Primal Dual
If X is a feasible solution to the primal, s W=yb
and . s .
y is a feasible solution to the dual, superoptimal - suboptimal
then
cx<yb (optimal) Z* ~ W* (optimal)
suboptimal superoptimal

» Strong duality property
If x* is an optimal solution to the
primal, and
v*is an optimalsolution to the dual,
then
cx* =y*b
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Max Z = 3x,+5x,

s. to

X4 <4
2x, =12
3x4+2x, <18

X4,X>2 0

Py
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Example of duality

: Simplex 43 by Jiluall 38 Jas

Basic y 4 X1 Solution | Ratio
variable (right
hand
side)
Z 1 -3 0
4
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Basic variable

Example of duality

Solution | ratio
(right hand
side)

30

4
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8)UioJl
primal problemd! da Jsaa
Basic Solution ratio
variable Z X1 X2 S1 S2 S3 (right
hand
side)
VA 1 0 0 0 3/2 1 36
S1 0 0 0 1 1/3 -1/3 2
X2 0 0 1 0 1/2 0 6
X1 0 1 0 0 13 | 1/3 5 Optimal solution

(X1,X2,51,52,53)=(2,6,2,0,0) : JullS o5 primal
(yl,y2,y3,51,52)=(0,3/2,1,0,0) : thdtS O Dual ds
36 5 Cpaalinall DST Cangl s il

Lagd Jsa¥) dall s¢d (goluciag (el AT J5ye Jallé
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%‘\7 Example of duality

d=ola
Min W = 4y,+12y,+18y, i it
s. to y+ 3y; 23

> . RS - o .
2yz* 2ys 23 D J<all oS QUL ddasi yadl Dual 3 simplex Jsas s
Y1, Y2, Y3 20

VA 1 -4 -12 -18 0 0 -M -M 0
R1 0 1 0 3 -1 0 1 0 3
R2 0 0 2 2 0 -1 0 1 5
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Example of duality

yl y2 y3 _ solution | ratio
Z 2-2/3M | -12+2M 0 -6+2/3M -M 6-5/3M 0 18+3M
y3 1/3 0 1 -1/3 0 1/3 0 1 00
-2/3 2 0 -2/3 -1 -2/3 1 3 3/2
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Example of duality

vl y2 y3 _ solution | ratio
y4 -2 0 0 -10+4/3M -6 2-M 6-M 36
y3 1/3 0 1 -1/3 0 1/3 0 1
y2 -1/3 1 0 -1/3 -1/2 -1/3 1/2 3/2
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Duality & sensitivity analysis

¢ dubiaal) Jalad iz 13k
Cdalldyg ol Aliel e dadll sali ) ol il jl st 5l (52 A1 e (o)

Y alea db.o\j C ud.@J\ @\_\ d\_\.q\ u\).\.uuj\ \.@_\lc ngx u_d\ ub.m\)u\
. b J;—\ﬂ‘ Y aleal right hand sides aij 2 sl
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Max Z = 3x,+5x, Max Z = 45\’,'1 + 5x2
s. to Xy =4
2x, <12 S.to X1 =< 4
2xq+2x, <18
X.l ,X2 2 0 xl, xz 2 O
Z -4 -5 0 0 0 0
S1 1 0 1 0 0 4 0
S2 0 2 0 1 0 12 6
S3 2 2 0 0 1 18 9
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Duality & sensitivity analysis
¥

VA X1 X2 _ solution ratio
Z 1 -4 0 0 5/2 0 30
S1 0 1 0 1 0 0 4 4
X2 0 0 1 0 1/2 0 6 o0
S3 0 2 0 0 -1 1 6 3

https://manara.edu.sy/



https://manara.edu.sy/

Duality & sensitivity analysis
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6ol , CgB™?
1 > dlution ratio
. 5 0 42
51 0 0 '
X2 0 1 °
X1 1 0 >
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Duality & sensitivity %V

analysis
ﬂJLx_aJI
Db e (38 dan cosluly ala Sy b 258l <Yl right hand sided) wss
Max Z = 4x4 + 5x, Max Z = 4x, + 5x,
S. to x1 <4 S. to x1 <4
ZXZ <12 sz < 24
2xq1 +2x, <18 2xq1+2x, <18
X1,X2 =0 X1,X2 =0

D SIS G oy g dadh ad pAY) 3 ganll sy Lad) 5 JalSIL Jpaadl sty Y
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4
CgB b =[0 1/2 2][24]
18

Z X1 X2 solution %BB_lb — 48
Z 0 0 1/2 2 @
51 0 0 1/2 a2 ([ 7
X2 0 1 1/2 0 12 |[—
X1 1 0 12 | 12 3 ( 1 1/2 -1/2
_J IB7'b=]0 1/2 0 ||24
0 -1/2 1/2 |lis
Giiad Ciny SIS () o i g Ll f Ly (i ol s » 7
D) M) B~'b =12
L |—3
\_
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Duality & sensitivity analysis 242/

X5 X5

A

2x, =24

N
N

Z = 4x,+ 5X,

2%, = 12

[~Z = 3%+ 5x, = 36

~
~
~
~
~
~

X;+ 2%, =18

A} >X1
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