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Lecture 2: Matrices

CECC122: Linear Algebra and Matrix Theory

Manara University
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2.1 Operations with Matrices
» Matrix: - i}
ap 49 ... 4
A=[ay],, =" T €My &)
a,, a,;rz S -
K: afield (R or O) M, ., (R) : Real matrices M, .,(C): Complex matrices
(i, /))—th entry: a;; row: m column: » siZze: mxn
» i-th row vector
;= [a;'] iy a,_-ﬂ] row matrix
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Find the 4 x 4 matrix 4 = [a;;] whose entries satisty the stated condition.

S O A~ W
~N O O1 b~
0O N O O1
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« j-th column vector

C |

column matrix

» Square matrix: m =n

» Diagonal matrix:

A = diag(d,, d,,

wd) =

[

eM. _(K)

nxn
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If 4 = I:ar-j :L -

« Ex 1:

(1 2
A =
45
1 2
A =
45

« Complex matrices

[
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n
Then Tr(4)=a, +a, +--+a,, = ) a,
=1

ry

} = rn=[123], rn=[456]

1 2
¢, Cs:l — 01=|:4:|, Cz:[s:': C3

oo e g [
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« Equal matrix:
If 4 = I:ﬂ'rjilmx” , B = I:bljilmxu Then 4 = B i1f and On]y 1if a, :b:j V1<i<m,l <J<n
» Ex 2: (Equal matrix)

i eelea

If4=B Thena=1,b=2,c=3,d=4

« Matrix addition:

ifd=[a,| ., B=|b| Thend+B=[a,| +[b] =[a,+5]
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« Ex 3: (Matrix addition)

'—12+ 1 3] [-1+1 2+3] [ 0 5
0 1] [-1 2] | 0-1 1+2]| [-1 3

1] [=1] [1=1] [o]
3|+| 3|=[3+3|=]0
2| | 2] [-2+2] |0]

« Scalar multiplication:

If 4= [aij ]m ., > c:scalar (€K) Then c4 = [caij ]

mxn

« Matrix subtraction:
A-B=A+(-1B
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« Ex 4: (Scalar multiplication and matrix subtraction)

12 4] 2 00]
A=|-30-1|, B=|1-43 Find (a) 34, (b) -B, (¢) 34 — B
21 2 -1 32
Sol:
@) 1 2 4] [ 31 32 34| [ 3 6 12]
34 =3[-3 0 —-1|=[3(-3) 30) 3(-1)|=[-9 0 -3
2 1 2 3(2) 3(1)  3(2) 6 3 6
(%) 2 0 0] [-2 0 o0
-B=(-1)] 1 -4 3|=[-1 4 -3
-1 3 2 1 -3 -2
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3 6 12 2 0 0 1 12
34-B=|-9 0 -3 1 4 3|=|-10 —6
6 3 6] |-1 3 2 7 4
« Matrix multiplication:
If 4 = I:a*j ]:}: i B = I:b%r' ]nxp gen A5 = I:alj :Im &8 I:bU il”xp N Iicrj ]m xp
[—
Size of AB
where ¢, :kzajkbkj :ailblj +a1.zb2j L "'ambnj
=1
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a a ..o a i ] i1
TR b g” 1p :
o Cac lp | =| ¢
: : e :
_aml amz amn__nl P _C
« Notes: (1) 4 +B=B+ 4, (2) AB + BA

« Ex 5: (Find 4B) - S

Sol:

AB =

-1 3
4=| 4 2|, B:[:i ﬂ
5 0

(-D(=3)+3B)(-4 (-D2)+B)(D)|
(DH(=3)+(=2(-4) D) +(-2)(D)
(=D +O0)(-4) )2 +O)(])

ml ==+

https://manara.edu.sy/

10



[

&jliall

« Zero matnx: O, » Identity matrix of order n: I,
« Properties of matrix addition and scalar multiplication:

If4, B, CeM,k (K)  then
(1) A+B=B+ 4 4) l4=4
2) A+(B+C)=A+B)+C (5) c(A+B)= cA +cB
(3) (cd) A =c (dA) (6) (ct+d)A=cA +dA

« Properties of zero matrices:

It 4eM, (K), c:scalarthen

(HA+0 =4

m=n

(2)A+(—-A4)=0

m xn

(3)cAd =0, =>c=0 ord =0

M =n 1 xn

https://manara.edu.sy/

11



Py

LICEUERE N et

« Notes:
(1) O,,,: the additive identity for the set of all mxn matrices

(2) —A: the additive inverse of 4

« Properties of matrix multiplication: =« Properties of identity matrix:

(1) A(BO) = (4B)C If 4 M __(K), then
(2) A(B + C) = AB + AC (1) AL = 4
(3) (4 + B)C=AC + BC 1 A=A

(4) ¢ (AB) = (c4)B = A(cB)
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Matrix Multiplication by Columns and by Rows ™™

Sometimes 1t may be desirable to find a particular row or column of a matrix product 48 without computing the entire
product. The following results, whose proofs are left as exercises, are useful for that purpose:

EX

Consider the matrices

Second column

of 5

Jjth column matnx of A8 = A[ jth column matriz of 3]

ith row matnx of A8 = [ith row matnx of A]5

4 1 4 3
A=[; 2 3] B=lo —1 3 1
2 7 5 2
- 27
—4
| 4 14
f Firstrow of 4 — [1 2 4]|0 —1 3
Second column
- 5 75
':'t..'g.bj

Lo = )

]: [12 27 30 13] — First row of A5
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« Transpose of a matrx:
_all alz aln l
If 4 =l 2 % Tl e M, __(K)
_aml m 2 A i
“all aZl II:Iml
Then A7 =|“12| [“22| " [*m2lle ar (k)
__alr.' aZH amn 1
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« Ex 1: (Find the transpose of the following matrix)
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) 1 2 3
(a)A=[8} b)yA=|4 5 6
7 8 9
, 1
Sol: — r _
ol (a)A_{S}::'A =2 8]
1 2 3 (1 4 7|
b)yA=(4 5 6|=4"=[2 5 8
7 8 9] 3 6 9]
0 1
@ Ad=]2 4|l=ar=|Y 2 1
4 1 4 -1

(c) 4
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« Properties of transposes: s

) ") =4
(2) (4 +B)Y =47 +BT
(3) (c4)" =c(4")
(4) (AB) =B'4"

« Symmetric matrix:

A square matrix 4 is symmetric if 47=4
« Skew-symmetric matrix:

A square matrix 4 is skew-symmetric if 47=-4
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If 4=|a
_b
Sol:

B

A=la

_b

o EX 3: ~
0
ItA4 =ld
b

QO KN

A O -

SN e W

S W N
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3
5| 1s symmetric, find a, b, ¢?
6

(1 a b]
AT =12 4 ¢ A=A4A" =>a=2,b=3,¢c=5
3 5 6
1s a skew-symmetric, find a, b, ¢?
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Sol:
01 2 0 —a b
A=la 0 3], —4T =|-1 0 —
b e O B
A=-A" 2a=-1, b=-2, c=-3
« Notes:

(1) 44T is symmetric

(2) Every square matrix 4 € M, (R) can be expressed as the sum of a symmetric
matrix B and a skew-symmetric matrix C

B=l4+4"), C=Lu-4")
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« EX 4:

Show that 4B and B4 are not equal for the matrices.

1 3 2 -1

A=[2 _J and B—[O 2}

Sol: _
1 32 -1 2 5

AB_[z —1}[0 2}_[4 —4

2 —1l[1 3 0 7]
BA_[O 2}[2 —1}‘[4 )

« Note: AB #BA
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« Real (Complex) number:
ac=bc,c#0=>a=b (Cancellation law)
« Matrix:
AC =BC, C+#O
(1) If C 1s invertible, then 4 = B
(2) If C 1s not invertible, then 4 # B (Cancellation 1s not valid

« Ex 5: (An example 1in which cancellation 1s not valid)
Show that AC = BC

a=lg 1} 23 3} <=4 7

https://manara.edu.sy/
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Sol:
1 3 1 -2 -2 4 2 411 =2
AC_[O 1][—1 2]‘[—1 2] BC‘[z 3}[—1 2
SoAC=BCbut4A#B

2.3 The Inverse of a Matrix

« Inverse matrix:
Consider 4 eM _(K)

nxn

If there exists amatrix B e M, (K) suchthat AB=BA=1,

Then (1) A4 1s invertible (or nonsingular)
(2) B 1s the inverse of 4

|

|

2 4
-1 2

|
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« Note:

A matrix that does not have an inverse 1s called noninvertible (or singular).

« Theorem 2.1 (The inverse of a matrix 1s unique):
If B and C are both inverses of the matrix A4, then B =C.

Consequently, the inverse of a matrix 1s unique.

» Notes:
(1) The inverse of 4 is denoted by 4~
(2) AA7' =474 =1
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[A [ ]—)[I | A"] Gauss-Jordan Elimination

« Ex 2: (Find the 1nverse of the following matrix)

1 -1 O
A= 1 0 -1
-6 2 3
1 -1 0:100
Sol: [4 iI|=[1 0-1:010
-6 2 3:001
D [ 1 -1 0: 100] »© 1 -1 0: 100
12 . 13 .
0O 1 -1:-110 0O 1 -1:-11290
6 2 3+ 00 1 0 4 3 6 0 1
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2@ 1 -1 0 100 D[]
23 . 3
———|0 1 -1:-110 — 510
0 0 -1 241 0
(D B —10: 1 0 O (D (10 0
— 32 510 10 -3 -3 -1 —2 51010
0 0 1: -2 —4 -1 00 1

So the matrix A4 is invertible, and its inverseis 4~ =

«a Check: 447 =474 =1

1 0: 1 0 O
1 -1 : -1 0
0 1: -2 -4 -1
. 2 -3 -1
- -3 3 1| =[1
. =2 4 -1
|l ||
-3 -3 -1
-2 -4 -1
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