
Velocity model 
Jacobian matrix 
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Angular velocity resulting of n  joints movement 
𝜔𝐸 = 𝜔1 + 𝜔2 +⋯+𝜔𝑛  
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Linear velocity resulting of n  joints movement 

• 𝑉𝐸 = 𝑉𝐸1 + 𝑉𝐸2 +⋯+ 𝑉𝐸𝑛  
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𝑉𝐸2 𝑉𝐸1 
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DVM 
Consider a n-link robot : 
𝑤0

𝑛  is the angular velocity of the end-effector 

𝑣0
𝑛  is the linear velocity of the end-effector 

 

𝑣0
𝑛 = 𝐽𝑣𝑞  

𝑤0
𝑛 = 𝐽𝑤𝑞 

 

𝜉 = 𝐽𝑞 

𝜉 =
𝑣0
𝑛

𝑤0
𝑛

𝐽 =
𝐽𝑣
𝐽𝑤

𝑞 =

𝑞1 
𝑞2 
⋮
𝑞𝑛 
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Jacobian matrix 
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Example: 2-link planer robot 
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DVM of a 2R planer robot 

• 𝜉 =
𝑣
𝑤

= 𝐽𝑞 =

−𝑙1𝑠1 − 𝑙2𝑠12 −𝑙2𝑠12
𝑙1𝑐1 + 𝑙2𝑐12 𝑙2𝑐12

0 0
0 0
0 0
1 1

×
𝜃1 

𝜃2 
 

• 𝑣 =
𝑣𝑥
𝑣𝑦
𝑣𝑧

=

−𝑙1𝑠1𝜃1 − 𝑙2𝑠12 𝜃1 + 𝜃2 

𝑙1𝑐1𝜃1 + 𝑙2𝑐12 𝜃1 + 𝜃2 

0

→
𝑣𝑥
𝑣𝑦

=
−𝑙1𝑠1𝜃1 − 𝑙2𝑠12 𝜃1 + 𝜃2 

𝑙1𝑐1𝜃1 + 𝑙2𝑐12 𝜃1 + 𝜃2 
 

• 𝑤 =
𝑤𝑥
𝑤𝑦

𝑤𝑧

=
0
0

𝜃1 + 𝜃2 
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IVM 
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IVM of a 2R planer robot 
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Singularity (mathematical and mechanical meaning)  
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6 DOF serial robot velocity model (Paul) 

 
𝑉𝐸
𝜔𝐸

=
𝑉𝑤𝑟𝑖𝑠𝑡 + 𝜔𝑤𝑟𝑖𝑠𝑡 × (𝑂𝐸 − 𝑂𝑤𝑟𝑖𝑠𝑡)

𝜔𝑤𝑟𝑖𝑠𝑡
 

 

𝜉𝑤𝑟𝑖𝑠𝑡 =
𝑉𝑤𝑟𝑖𝑠𝑡

𝜔𝑤𝑟𝑖𝑠𝑡
= 𝐽𝑤𝑟𝑖𝑠𝑡𝑞  
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Jacobian Matrix to the wrist 

𝐽𝑤𝑟𝑖𝑠𝑡 =
𝐴 𝐵
𝐶 𝐷

, 𝐴, 𝐵, 𝐶, 𝐷 ∈ 𝑅3×3 

• 𝐴 = 𝑍0 × 𝑂𝑤𝑟𝑖𝑠𝑡 𝑍1 × (𝑂𝑤𝑟𝑖𝑠𝑡 − 𝑂1) 𝑍2 × (𝑂𝑤𝑟𝑖𝑠𝑡 − 𝑂2)  

• 𝐵 = 0 0 0  

• 𝐶 = 𝑍0 𝑍1 𝑍2  

• 𝐷 = 𝑍𝑤0 𝑍𝑤1 𝑍𝑤2  

• 𝑉𝑤𝑟𝑖𝑠𝑡 = 𝐴 × 𝜃1 𝜃2 𝜃3 
𝑇  

• 𝜔𝑤𝑟𝑖𝑠𝑡 = 𝐶 × 𝜃1 𝜃2 𝜃3 
𝑇 + 𝐷 × 𝜃4 𝜃5 𝜃6 

𝑇  
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Thanks 
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