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Exercises 7:Eigenvalues and Eigenvectors

CECC122: Linear Algebra and Matrix Theory

Manara University

2023-2024
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Verify that 4;is an eigenvalue of A and that X;is a corresponding eigenvector

@A:{z 0} A, =2,x,=(1,0)

0 21" 4, =-2,x,=(0,1)
2 011 2 1
=g Sflo}(o)2lo) 4
2 010 0 0
R HE B N

[4 =51 A=-Lx =(,1)
@ A_[z —3} A, =2,x,=(5.2)
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Axlz[zl —5}[1
2 3|1
szz[él —5}[5

2 3|2

2 2 -3

@ A=[{2 1 -6
-1 2 0

2 2 -3

Ax,=[ 2 1 -6
-1 -2 0
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|
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—1
—1

|

10
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S
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A =5,x,=(,2,-1)
A, ==3,x, =(—2,1,0)
Ay =-3, x5 =(3,0,1)

5
10
-5

=5

= A x,
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2 2 3[=2] 6] [-2]
Ax,=| 2 1 -6/ 1|=|-3]|=-3|1
-1 2 00 |0 0

2 2 3|3 -9

-1 -2 0|[1] |-3

Determine whether xis an eigenvector of A

(a) x=(1,2)

|7 2 (b)x=(2,1)

® A_[z 4} (c)x =(1,-2)
(d)X=(—1,0)

3
Ax,=| 2 1 —6||0|=]| 0 [==3|0|=Ax,
1

X,
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7 211 11 1
Ax = = A ' 1
(a) Ax [2 4} |:2} [10} %= |:2} X 1s not an eigenvector of A

e HENEH

x 1s an eigenvector of A (with a corresponding eigenvalue 8)

@ax=1 3151 ]

x 1s an eigenvector of A (with a corresponding eigenvalue 3)

7 2| -1 11 -1 : .
(d) AI—|:2 4}[0}—{10}&&[0} X 1s not an eigenvector of A
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(a) Ax =

(1 -1
2 0
| 3 -3
1 -1
2 0

3 -3

1
=)

1_

1] 2]
21| -4

1 || 6|

[

dsola
6)ligall
(a) x =(2,-4,6)
(b) x =(2,0,6)
(¢) x=(2,2,0)

(d)l’:(—l,(),l)
_ 2 - _2_
—16 |=4| -4
| 6

x 1s an eigenvector of A (with a corresponding eigenvalue 4)

(b) Ax =

-1 -1
2 0
3 -3

12
—21l0|=
1|6

4 2
—16 |[A| 0| xisnot an eigenvector of A
12 6
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(c) Ax =

(d) Ax =

x 1s an eigenvector of A (with a corresponding eigenvalue —2)

-1 —1
-2 0
3 -3

1 -1
2 0
'3 -3

|
-2
1

1
-2
1
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Find (a) the characteristic equation and (b) the eigenvalues (and corresponding

eigenvectors) of the matrix
6 -3
A=
® -5 7]
A—6 3
2 A-1

(b) A4, =0,4, =7

SN et S o iy RS

The solution 1s {(4 24): £€ R}. So, an eigenvector corresponding to A, = 01s (1, 2)

(@) |M—A|=| |=/12—7/1=ﬂ,(2,—7)=0
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The solution 1s {(-3¢ #): € R}. So, an eigenvector corresponding to A, = 7 1s (—
3, 1)

® A-

S O
o W O
—

A-2 0 -l
(@) |[A1-Al=| 0 A-3 —4[=(A-2)(A-3)(A-1)=0
0 0 A-1

(b) 4y =2,4, =3, 2, =1

https://manara.edu.sy/ .



dsol s
ool

4-2 0 —11[x] [0o] [o 1 0][x] [0]

A =2, 0 A-=3 -4 |ly|=|0|{=|0 0 1||y|=|0

0 0 A4-1||z] |o] |00 0]z |0

The solution 1s {(#4 0, 0): € R}. So, an eigenvector corresponding to A, = 2 1s
(1,0,0)

AL-2 0 -1 |[x]| [o 1 00f[x] [0
A, =3, 0 A4L-3 —4 ||yl=|0|=|0 0 1}][y|=|0
0 0 A-1|lz| |[0] [0 0Oz |O]

The solution 1s {(0, ¢ 0): £€ R}. So, an eigenvector corresponding to A, = 3 1s
(0,1,0)
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-2 0 -1 |[x]|] [o] [1 0 1][x
A =1, 0 A4L-3 —4 (|y|l=|0[=]01 2| y]|=
0 0 A-l||lz] [0] |00 0]z

o O O

S= {(=£ -2t 0H: t€ R}. So, an eigenvector corresponding to A; = 1 1s (=1, -2, 1)

1 2 2]
R A=|—2 5 =2
-6 6 -3
A-1 =2 2
@) [AI-Al=| 2 A-5 2 |=(A+3)(1-3)’=0
6 -6 A1+3

(b) 4, =-3, A, =3 (repeated)
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P, 5 3 x| [0] [-4 -2 2][x] [0]
d=-3 | 2 -5 2 |lyl=lo|=|2 -8 2||y|=|0
6 -6 4+3|lz| [0o] |6 -6 0]z] |0

The solution 1s {(% £ 39): t € R}. So, an eigenvector corresponding to A, = -3 1s
(1 1 3)

-1 =2 24l [2 -2k [o

A=3 | 2 4-5 2 |y
6 6 L+3]|z

Il
=
S}
|
S
N
N <
Il
=

The solution 1s {(s— ¢ s, #): s, t € R}. So, two eigenvectors corresponding to
A, =3 are (1,1,0) and (1, 0, —-1)
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Find (if possible) a nonsingular matrix P such that P1AP is diagonal. Verify that
P1APis a diagonal matrix with the eigenvalues on the main diagonal

6 3
®A:[—2 1}
A-6 3
2 A-1
Ah=0,2,=7

SRCN et i ol iy S

The solution 1s {(4 24): £ € R}. So, an eigenvector corresponding to A, = 0 1s
(1, 2)

|/U—A|=‘ ‘=12—7,1=1(/1—7)=0
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S={(-3¢ ): t€ R}. So, an eigenvector corresponding to A, =7 1s (-3, 1)

] -3 o, 11 3
P‘[z | = F ‘?[—2 1]

. 11 3|6 3|1 3] [0 0
r AP‘7_—2 1}[—2 1}[2 1}_[0 7}
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A-2 0 -1
AI-Al=| 0 A1-3 —4|=(A-2)(A-3)(A-1)=0
0 0 A1-1
A=22,=3,2=1
-2 0 =1 |[x] [o] [o 1 0][x] [0
A =2, 0 4-3 -4 [lyl=|0|=]|00 1||y|=
0 0 A4-1]lz] |0] [0 0 Ofz]
S={(%0,0): € R}. So, an eigenvector corresponding to A, =2 1s (1, 0, 0)
-2 0 -1 |[x] [o] [1 0 O] x|
A, =3, 0 A4-3 -4 ||ly|=|0|=]00 1|y
0 0 A-1l]lz] [0] [0 0 0] z]

[
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S={@0,¢0): £t€ R}. So, an elgenvector correspondlng to)\2 31s(0,1,0)
-2 0 -1 |[x]| [o] [1 0 1][x]| [O
A =1, 0 ),3—3—4 yi=10|=|0 1 2||y|[=]|0
i 0 0 23—1_ | Z | _0_ _0 0 0_ | Z | _0_

S={(—t -2¢ ?: t€ R}. So, an eigenvector corresponding to A; =1 1s (-1, -2, 1)

(1 0 —1] 1 01

P=l01 2| = P'=[01 2

00 1| 001
(1 0 1][2 0 1][1 0 =1] [2 0 O]
P'AP=|01 2|0 3 4]0 1 -2|=|0 3 0
00 1)[0 0 1][00 1 00 1
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1 2 =2
B A=|-—2 5 =2
-6 6 -3
A-1 =2 2
AI-Al=| 2 A-5 2 |=(A+3)(A-3)*=0
6 —6 A+3
A =3, 4, =3 (repeated)
-1 =2 2 1[x]| [o] [-4 =2 2][x]| [0]
A =3, 2 A4-5 2 ||lyl=l0o|=|2 -8 2||y|=]|0
6 6 A+3]z| |[0] |6 -6 0|z] |0
S={(£ £ 30: t€ R}. So, an eigenvector corresponding to A, = -3 1s (1, 1, 3)
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(A, -1 =2 2 1[x] [o]l [2 =2 2][x] [0
A, =3, 2 AL-5 2 |lyl=l0|=|2 =2 2||y|=|0
0 -6 L+3]|z| |0] |6 -6 6]z] |0

The solution 1s {(s— ¢ s, #): s, t € R}. So, two eigenvectors corresponding to
A, =3 are (1,1,0) and (1, 0, —-1)

11 1 1 1 1 -1
P={11 0| = P'==|-1 4 -1
30 -1 31 -1 0
1'1 1 —1][1 2 =2][11 1] [-3 0 0]
Plap==|-1 4 -1||-2 5 =2|l1 1 0|=|0 3 0
31 -1 066 -3)30-1] |0 03
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10

A-1

A1 —Al=]| -1
-1

A=2
0

[
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~1 |[=(A-D(1-2)*=0

A-2

A =1, A, =2 (repeated)

A -1
A=1 | -l
-1

S=1{(-=40, 9): t€ R}. So, an eigenvector corresponding to A, = 1 1s (-1, 0, 1)

0

A =2
0

0
—1

A4 =2

N <

0 0 0 O
0l=|-1 -1 -1

o] |[-1 0 -1
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(4,-1 0 o |[x] [o] [1 o ol[x] [oO]
AL=2 | -1 A4,-2 -1 [ly|=|0|=|-10 -1||y|=|0
-1 0 A-2|lz| |0] |-10 0 z| |O]

S={(0, £ 0): € R}. So, an eigenvector corresponding to A, =2 is (0, 1, 0).

There are just two linearly independent eigenvectors of A. So, A 1s not
diagonalizable

Find A7
1 2 (a) Find eigenvalues of the matrix A
Lt A= 4 3 (b) Find eigenvectors for each eigenvalue of A

(c) Diagonalize the matrix A
(d) Calculate A’
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(2) |/U—A|=)“_1 =~ =17 —41-5=(1=-5)(A+D)=0
—4 A1-3
=>4 =-14,=5

_ A-1 =2 |{|lx| |0 -2 2x| |0

R | MEH s N
S={(¢t —9: t€ R}. So, an eigenvector corresponding to A, =—1 1s (1, —1)
B A-1 =2 x| |0 4 21x| |0

SR i ] S o e MR

The solution 1s {(£ 2§): € R}. So, an eigenvector corresponding to A, =5 1s
(1,2)
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11 L 12 -1
(C)P_[—l 2} = F _3[1 1}

i ) P EEE P

(d) A=PDP' = A" =pD’P!

oL T)(=D" 0|2 —1]_[26041 26042
“3l=1 2|l o s57|l1 1| |52084 52083
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Find a matrix 2 such that P7AP orthogonaily diagonalizes A. Verify that P7AP gives
the correct diagonal form

1 1
® 4y
A-1 -1
-1 A-1

ool AL B

S={(t —0: t€ R}. So, an eigenvector corresponding to A, = 01s (1, —1)

e AL

|/U—A|=‘ =(A-1)°-1=0=>4=0,4, =2
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Determine whether the matrix is orthogonal
‘EE
A — 2 2
®© A= o 5
| 2 2

Because the column vectors of the matrix form an orthonormal set, the
matrix is orthogonal

(4 0 3
2) A=] 0 1 0
3 0 4
Because the column vectors of the matrix do not form an
orthonormal set [(—4, 0, 3) and (3, 0, 4) are not unit vectors], the

matrix is not orthogonal
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Find a matrix 2 such that P’AP orthogonally diagonalizes A. Verify that P’AP gives

the correct diagonal form
1 1

A=
® 4| )
A-1 -1
-1 A-1

R e S i EH

S= {(t —0: t€ R}. So, an eigenvector corresponding to A, =0 1s (1, —1)

=2 ol T

Al —A|=

‘=(1—1)2—1=0:>A1=0,/12=2
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The solution is {(¢ #: £€ R}. So, an eigenvector corresponding to A, = 2 is (1, 1)

[1 1} _ P{l/\/i 1/@}

-1 1 N2 12
PTAP:[U\/E —1/&}[1 2}{1/\/5 1/\/5}[0 0}
N2 A2 |14 3] -2 2] |0 2
(2 0 1]
2) A=|0 3 4
00 1]
A-1 1 =2
AI-A=| 1 A-1 =2 |=(A-2)A+2)(A-4)=0
-2 2 A1-2
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The eigenvalues are A, = -2, A, =2, and A; = 4, with corresponding eigenvectors
(-1,-1,1), (-1, 1, 0), and (1, 1, 2), respectively. Normalizing:

313 =272 J6/6 |
P=|=«313 /272 /676
J3/3 0 63

B BB o8 2 6]

3 2 3 1 -1 2 3 2 6

PTAP=|- 2 o|-1 1 2f-L £ I

&k |2 228 o i

_6 6 3_' __3 3_
2 0 0]
=l0o 20
0 0 4
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Find (a) the characteristic equation and (b) the eigenvalues (and corresponding
eigenvectors) of the matrix

1 V-2 3| 3 92 1
®A=[_2 8} @ A=|0 3 -2 @) A=|0 0 2
0 —1 423 @ 2 0)
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Find (if possible) a nonsingular matrix PI such that P1AP is diagonal. Verify that
P1APis a diagonal matrix with the eigenvalues on the main diagonal

o [6_3} _201
A= @ A=|0 3 4
=2 | 00 1
(1 2 2] 10 0
@) A=[-2 5 2 @) A=|1 2 1
-6 6 -3 10 2]

. A7
Find 1 2 (a) Find eigenvalues of the matrix A
Let A= [ 4 3 (b) Find eigenvectors for each eigenvalue of A
(c) Diagonalize the matrix A (d) Calculate A’
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Determine whether the matrix is orthogonal
-
A=| *_ 7 A=
® s @
2 2 _

_4
5

S

3
5

0
1
0

nls O wiw

Find a matrix P such that PZAP orthogonally diagonalizes A. Verify that P’AP gives

the correct diagonal form

ouf |

@ A=

S O
S WO

-
4
1_.
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