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6.1 Introduction to Linear Transformations
« Images And Preimages of Functions:

Function 7'that maps a vector space Vinto a vector space W

; " e
%4 Mapping » W, V, W: vector spaces i

V: the domain of 7
W: the codomain of 7

« Image of vunder T:
If visin Vand wis in Wsuch that: .{v)=w

Then wis called the image of vunder 7 T:V—-W  W:Codomain
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. Images AI]d Preimages Of FIIHCti{)HS:

« The range of 7T: The set of all images of vectors in V.

« The preimage of w: The set of all vin V'such that 7{v) = w.
« Ex 1: (A function from R into R*)
T:R> >R v=(v,v)eR
I'(vi,v,)=(v, — v, v, +2v,)

(a) Find the image of v= (-1, 2). (b) Find the preimage of w= (-1, 11)

Sol:
(@v=(-L2)=TW=1T(-1,2)=(-1-2,-1+2(2)) =(—-3, 3)

https://manara.edu.sy/



[

O TV)=w=(-L1I1)=>T(v,v)=(, -V, Vv, +21)=(-1, 11)
=V, -V =-1
v, +2v, =11
=>Vv=3v=4
Thus {(3, 4)} 1s the preimage of w= (-1, 11).
« Linear Transformation (L.T.):
V, W: vector spaces
7I: V— W: Linear Transformation
(D) T(u+v)y=T(u)+T(v), YuveV
(2) I'(cu) =cl(u), VceR
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« Ex 2: (Functions that are not linear transformations)
(a) f(x) =sinx

sin(x, + X,) # sin(x,) + sin(x, )

sin( Lz ) # sin( E) + sin( E) not a linear transformations
2 3 2 3
(b f(x) =x
(x, +x,) #x + X, (1+2)> #1° +2*  not a linear transformations

(c) f(x)=x+1
fx, +x,)=x,+x, +1
Ax)+f(x,)=&F +tH+(x, +1)=x, + x, +2

f(x, + x,) # f(x)) + f(x,) not a linear transformations
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« Notes: Two uses of the term “linear”

(1) £x) = x+ 1 1s called a linear function because its graph is a line.

(2) £x) = x+ 1 1s not a linear transformation from a vector space R into R because it

preserves neither vector addition nor scalar multiplication

« Zero transformation:
Ir"v-o-WwW T(wv)y=0, VveV
« Identity transformation:

V-V Twv)y=v, VvelV
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« Theorem 6.1: (Properties of linear transformations)
TV ->W, uveV
(1) 7(0)=0
) I'(=wv)=~1(v)
) I'(u—v)=1(u)-1(v)
@ Itv=cv,+cv,+--+c,v, then
T(v)=T(cv, +c,v, ++-+c,v,)
=cl(v)+tcl(v,)+--+c1(v,)
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« Ex 3: (Linear transformations and bases)
Let 7* R — R be a linear transformation such that
7(1,0,0)=2,-14), 7(0,1,0)=(,5,-2), 7(0,0,1)=(0,3,1)
Find 7(2, 3, -2)
Sol:
(2,3, —2) = 2(1,0,0) + 3(0,1,0) — 2(0,0,1)

72,3, —2) = 27(1,0,0) + 37°(0,1,0) — 27°(0,0,1)
=22, — 1,4) + 3(1,5, — 2) — 27°(0,3,1)
= (7,7,0)
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6.2 The Kernel and Range of a Linear Transformation

« Kemel of a linear transformation 7:

Let 72 V— Whe a linear transformation. Then the set of all vectors vin V'that satisfy
1{v) = 0 is called the kernel of 7"and is denoted by ker( 7).

ker(7)={v|T(v)=0,VvelV}
« Ex 1: (The kernel of the zero and identity transformations)

(a) T{v) =0 (the zero transformation 7: V— W)

ker(H)=V
(b) T(v)= v(the identity transformation 7 V— V)
ker(7) = {0}
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« Ex 2: (Finding the kernel of a L.T.)
TN=(x%0T R —FR
ker(7)="?
Sol:
ker(7) = {(0, 0, 2)| zis a real number}

« Ex 3: (Finding the kernel of a linear transformation)

-
T(X)=AX=[1 — _2] X.l, (T:R® - R*)
—1 2 £35iF
X3
ker(7)=? - 4
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Sol:

ker(T) = {(x,.5,.%,)| T(x,.%,.%,) = (0,0), X = (x,,x,,x,) € R’}
T(xl,xz ,X;) = (0,0)

1 -1 =2]["t| [o
12 3(™2|% o
XB

[1 -1 -2 0} Gauss-Jordan Eliminationb [1 0 —1 0}

-1 2 3 0

O1 1 O
_X1_ a Bl
= |x, |=|-t]|=1]-1
X, { 1

= ker(7) = {41, -1, 1)|z1s a real number} =span{(1, -1, 1)
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« Theorem 6.3: (The kernel 1s a subspace of | V)
The kernel of a linear transformation 7: V— W!is a subspace of the domain V.

« Range of a linear transformation 7:
Let 7 V— WbealL.T.

Then the set of all vectors win Wthat are images of vectors in Vis called the range
of 7'and 1s denoted by range( 7)
range(7) = {7 (v)|Vv e V}
« Theorem 6.4: (The range of 7'is a subspace of W)

The range of a linear transformation 7: V— W!is a subspace of the W
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« Notes:
T: V— W- 1s Linear Transformation
(1) ker(7) 1s a subspace of V

(2) Range(7) 1s a subspace of W

« Rank of a linear transformation 7 V— W-
rank( 7) = the dimension of the range of 7

« Nullity of a linear transformation 7 V— WA
nullity( 7) = the dimension of the kernel of 7

« Note:
Let 72 R" — R™be the L.T. given by 7{x) = Ax. Then
= rank( 7) = rank(A), nullity( 7) = nullity(A)

Domain

Kernel
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« Theorem 6.5: (Sum of rank and nullity)

Let 7 V— Whbe a L.T. from an n-dimensional vector space Vinto a vector space W.
Then

rank( 7) + nullity(7) = n
dim(range of 7) + dim(kernel of 7) = dim(domain of 7)

« Ex 4: (Finding rank and nullity of a linear transformation) ] )

1
Find the rank and nullity of the L.T. 7: R® — R’ defined by A=1|0
Sol: 0
rank( 7) = rank(A) =2
nullity( 7) = dim(domain of 7) —rank(7)=3-2=1
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« Ex 5: (Finding rank and nullity of a linear transformation)
Let 7 R° — R’ be a linear transformation

(a) Find the dimension of the kernel of 7'if the dimension of the range is 2
(b) Find the rank of 7'if the nullity of 7'1s 4

(¢) Find the rank of 7'if ker(7) = {0}
Sol:
(a) dim(domain of 7) =5
dim(ker of 7) = n—dim(range of 7)=5-2=3
(b) rank(7) = n—nullity(7)=5-4=1
(0)rank(7) = n—nullity(7)=5-0=35
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« One-to-one:

A function 7! V — W is one-to-one when the preimage of every w in the range
consists of a single vector

T'1s one-to-one 1f and only if, for all wand vin V, l{u) = 7{v) implies u= v.

One-to-one Not one-to-one
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« Onto: |

A function 7} V— Wis onto when every element in W has a preimage in V. (71s
onto Wwhen Wis equal to the range of 7)

« Theorem 6.6: (One-to-one linear transformation)
Let 7: V— Whe a linear transformation. Then 7'1s one-to-one iff ker(7) = {0}

« Ex 6: (One-to-one and not one-to-one linear transformation)

(a) The linear transformation 7: M,, — M, given by T{A) = A’is one-to-one
because its kernel consists of only the nxn zero matrix

(b) The zero transformation 7° R° — R’ is not one-to-one because its kernel is all of R
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« Theorem 6.7: (Onto linear transformation)
Let 72 V— W be a linear transformation, where W is finite dimensional Then 7 is
onto 1ff the rank of 7'1s equal to the dimension of W.

« Theorem 6.8: (One-to-one and onto linear transformation)
Let 72 V — W be a linear transformation, with vector space V and W both of

dimension n. Then 7'1s one-to-one 1iff it 1s onto.
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« Ex7:
Let 7: R" — R™ be a L.T. given by 7{x) = Ax. Find the nullity and rank of 7 to

determine whether 7'1s one-to-one, onto, or neither

1 2] (1.2 Y. o Fi250
@a)A=|011[,(b)A=|01 ,(c)Az[O , _J,(d)Az 011
001 00 000
Sol: ) ) - \ y
I R" - R" dim(domain of 7) rank(7) nullity(7) one-to-one  onto
AT R->R 3 3 0 Yes Yes
LT R-R 2 2 0 Yes No
OT R - F 3 2 1 No Yes
(DT R - R 3 2 1 No No
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6.3 Matrices for Linear Transformations

« Two representations of the linear transformation 72 R*— R’

D) T'(x.,.x,,x;) = (2x, + x, — X5, — X, +3x, — 2x,,3x, + 4X,)

21 -1 x|
2)T(x)=Ax=|-1 3 2| x,
03 4]|x

« Three reasons for matrix representation of a linear transformation:

« It is simpler to write.
« It 1s simpler to read.
« It 1s more easily adapted for computer use.
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« Theorem 6.9; (Standard matrix for a linear transformation)

Let 7 R" — R™ be a linear transformation such that

I (e,) =

A=[T(e)|T(e,) |+ |T(e,)]=| % 2 o 2

22 ac 2n

3 3 "t 3!)’1!&' _

1s such that 7{v) = Avfor every vin R". A is called the standard matrix for 7
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« Ex 1: (Finding the standard matrix of a linear transformation)
Find the standard matrix for the L.T. 7 R° — R® defined by 7' (x,y,2) =(x—2y,2x +y)

Sol:

Vector Notation Matrix Notation
-
T(e,)=T(10,0)=(2) Hle)=1(2 ):m
0
-_0__ _2
T(e,)=T(0,1,0)=(~2,1) ren=1(1h=|7
0
o] o
T(e,) = T(0,0,1) = (0, 0) T(e)=T(|0 >=M
1

https://manara.edu.sy/ 22



[

6)liaJl

A=|T(e)|T(e,)|T(ey)]= D _12 g}
« Check:

X
1 -2 0
Ay:[z I 0}
Z

X
X—2 ;
}Z/ :[2x+§} 1e. 7' (x,y,2) = (x —=2y,2x + y)

« Notes:
(1) The standard matrix for the zero transformation from R”into R™ is the mxn zero

matrix.

(2) The standard matrix for the identity transformation from R”into R” is the nxn
identity matrix 7/,
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« Composition of 7}:R" — R" with 7,: R" — R".
T(») =T, (T,(¥), veR"
T=T,oT,

domain of 7" = domain of 7|

« Note: 7,07, #1, 01,

« Theorem 6.10: (Composition of linear transformations)
Let 7}: R" —» R"and 7,: R" — R’ be L.T. with standard matrices A, and A,, then

(1) The composition 7: R" — RF, defined by {v) = I,(7,(v)),isa L. T.
(2) The standard matrix A for 7'1s given the matrix product A = A, A,
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« Ex 2: (The standard matrix of a compositfﬁﬁ)
Let 7; and 7; be L. T. from R’ into R’ such that

I (xy,2)=2x+y,0,x+2), T,.xy,2)=(Xx-Yy,2Y)

Find the standard matrices for the compositions
T=T,0T,and7T"'=T, oT,

Sol:
(2 1 0] (1 1 0]
A=|00 0], A=|0 0 1
1 0 1 0 1 O
standard matrices for 7, standard matrices for 7,
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A=AA =

The standard matrix for 7' =7 o

A= A4, =

A
2
0
|

1

1 -1 0]
0 0 1

0O 1 O

2
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« Inverse linear transformation:

If 7;: R" — R"and 7,: R" — R"are L.T. such that for every vin R"
I,(IT(v))=v and T (7T,(v))=vV

Then 7, is called the inverse of 7] and 7] 1s said to be invertible

« Note:

If the transformation 7 is invertible, then the inverse is unique and denoted by 7.
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« Theorem 6.11; (Existence of an inverse transformation)

Let 7 R — R” be a L.T. with standard matrices, then the following conditions are
equivalent

(1) T is invertible.
(2) A s invertible.

« Note:
If T'is invertible with standard matrix A, then the standard matrix for 7! is 47,
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« Ex 3: (Finding the inverse of a linear transformation)
The L. T. 7} R° - R’ defined by
I (x,,%x,,X;) = (2%, +3x, + X3, 3x, + 3%, + Xx;, 2x, +4x, + X;)

Show that 7'1s invertible, and find its inverse.

Sol:
The standard matrix for 7

2 31 < 2x, +3x, + x,
A=[3 3 1| <« 3x +3x, +x,
2 4 1| <« 2x +4x, +x,

(2 31|10 0

| A1, ]=|3 3 1[0 1 0

2 4110 01
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S 1 00[|-1 1 O]
G.J.Ellmmatmnh 010l-1 0 1 =[1‘A_1]
00116 =2 -3
Therefore Tis invertible and the standard matrix for 7' is 47,
(1 1 0]
A'=|-1 0 1
6 -2 -3
1 1 0__)('1_ i —X, + X, |
T7(vy=A"v=|-1 0 1 ||x,|=| -—x +x,
6 —2 -3||x, | |6x —2x, —3x,

In other words 77'(x,,x,,x,) = (— X, + X,, — X, + X;, 6x, — 2x, — 3Xx,)
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