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The Concept of Stability
Stability Analysis Using Routh-Hurwitz Method
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The Concept of Stability:-

0 A stable system is a dynamic system with a bounded response to a bounded
input.
0 Consider the closed loop transfer function of a system as :

b s"+b ST+ + b, N(S

as' +a St +...+a, A(S)
0 The characteristic equation or polynomial of the system which is given by:
n-1

AS)=Q)=a,"+a, ,s +..+ a,

7(s) =

0 For the system described by T(s) to be stable, the root of the characteristic equation
must lie in the left half plane.

a The Routh-Hurwitz criteria or test is a numerical procedure for determining the
number of right half-plane (RHP) and imaginary axis roots of the characteristic
polynomial.

https-//manara.edusy, 4
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The Concept of Stability:-

* This is commonly called as BIBO Stability meaning — Bounded Input
Bounded Output Stability.

r(t) c(t)

o s

—>[ stable system ]—*

bounded input t bounded output t
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The concept of dominaht poles

* The concept of dominant poles is important in the analysis and design
of control systems.

* In the context of linear time-invariant (LTI) systems, a pole refers to a

point in the complex plane where the denominator of the transfer
function becomes zero.

* The poles of a system play a crucial role in determining its dynamic
behavior and stability.

* In a control system, a dominant pole is a pole that significantly

influences the system's response, particularly in the part of the
transient response.

hitps-//manara.edusy/ 6



Amplitude

The concept of dommargpoles

* A pole/complex conjugate pole palr closest to the imaginary axis in
the s-plane is called as dominant pole/pole pair.

10 A B
Let G(s) = =—+
Impulsn Fluspn-nsa Impulse Response (S + 1) (S + 1 O) S + 1 S + 1 O
Aot | 1g(t) = de”t + Be~10t;A=10/9,B=-10/9
B E o 1 Dt g (t) Pole-Zero Map
This part has | f 1 —
more impact on
the response o4l
POle at S:‘l |S E g é;— QK e
the dominant Z
pole g
I ) F!ea_l ‘Axis &;econ_dls" ) |

____________ S A | .~ 7

Time (seconds) Time (seconds) Time (seconds)



The concept of dominargpoles

GyliaJl

* Let Sy =-&w,, tjwy,

* The non dominant poles shall be selected at least 5 times away from
the dominant poles.

* If S, = -21j3 then other poles shall have |re{pole}|> 10.
* Those poles shall be in the left of s=-10.
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Stability, nature of respche for various pole
locations and stability from pole locations

* Stability- A system is said to be stable if it produces bounded output for every
bounded input.

o If f_JrOZO |g(t)|dt < oo then system is stable

where g(t) is the impulse response of the system.

Relative stability- A system that has |ess settling time is relatively more stable. In other
words, the system that has its most dominant pole away from the imaginary axis in the
left half of s-plane.

Conditional stability - A system is said to be conditionally stable if its stability depends
on some condition
k

Ex. Let G (S) = s(s+2)(s+5)

If range of k for stability is finite then system is conditionally stable.

If range of k is O<k<eo then system is stable for all finite values of k & is unconditionally
stable (absolutely stable system).
AP, 9




Stability, nature of respche for various pole

locations and stability from pole locations
Marginally Stable System

* If the system is stable by producing an output signal with constant
amplitude for bounded input, then it is known as marginally stable

system.

* i.e. a unit step response for a unit impulse input.

* The closed loop control system is marginally stable if one (only one) pole
exists in the origin of s-plane.

hitps-//manara.edusy/ 10



Stability, nature of respche for various pole

locations and stability from pole locations
Marginally Stable System

Notice:

e Some references says:

If the system is stable by producing an output signal with constant amplitude and
constant frequency of oscillations for bounded input, then it is known as marginally
stable system.

hitps-//manara.edusy/ 1 1
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Role of a pole (locatiofi)in system response

bins™ +bp_1s™ ...+ bis+by m<n
ans™ + ap_15" 1+ ... +ais+ap

Let H(s) =

(s —z1)(s —22) ... (s — zm=1)(s — zm)
(s —p1)(s—p2)...(s—pn—1)(s — pn)

Different pole locations can be:

1. Single real pole

2. Complex conjugate pole pair

3. Repeated real poles

4. Repeated complex conjugate pole pairs

H(s)=K

TRE F Manard ent
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Case 1 — Poles on the figgative real axis

e Consider a simple pole at s =-2

] |
* This means the transfer function would be G(5) = g+ 2 g(t)=e2

ju.jl‘\l
:j ‘;\
h
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Case 2 — Poles on positive real axis

* Consider a simple pole at s = +2 |

E—:{I—.} — —H 5 g(t):eZt

* This means the transfer function would be

24000 -
22 000
20 000 ~ }
18 000 - | §
/
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14 000 !
£ 12000 - ,/‘
10 000 - | / 'l
8 000 : ;"

/
8 000 - /

4000 ~

2000 4
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Case 3 — One poles at:origin
* Consider a simple poleats=0

o
e This means the transfer function would be &5/ = a=e*

Transmission Ze10s and poles
12 =i =
impuise Response 4 {)( " AR F'olu—J
!
14
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Case 4 — Two poles at@rigin

e Consider a repeated pole at s = 0 (repeated 2 times)(itis a pair of complex poles with jw=0)

* This means the transfer function would be  ¢(s) - i g(t)=t

Iq_
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Case 5 — Repeated redl:poles in LHP

e Consider a repeated pole at s = -2 (repeated 2 times)
1

. This means the transfer function would be G(s) = — 2 gt
Impulse Response I:H * zl
M8 I.-"fﬁ.xx'”'-, 5< X x"ol-';‘
0.14 | I,"
a 12T I'I
% 0.1} |
£ I .
< g8 I|
I
! |
I x&
i
| \“‘m
Fi |' -

Time {sémndsj
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Case 6 — Complex polé&in the left half of S-plane

e complex pole pair at s =-2+3jand at s =-2-3j
* This means the transfer function would be ) - : S
o (s42-3j)(s+243))  (s+24+3F st4ds+13

g(t)=0.33sin(3t)*e 2t

,,,,,
Real axas

18|



Case 7 — Complex poles irglﬁe right half of the S-plane

dyliodl

« complex pole pair at s = +2+3j and at s = +2-3; | | l

* This means the transfer function would be G(s) = (5-2-3)(5-243))
g(t)=0.33sin(3t)*e*2t

- Impulse Response

10
— L
1 5
ool

(s-27 43 T +13

Amplitude
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Time (seconds)



Case 8 — Poles on the ima%ary axis (One pair)

e complex pole pair at s =+3j and at s = -3j

1 l l

* This means the transfer function would be G(s) = = =

(s —37)(s+37) s°+32 s2+9
g(t)=0.33sin(3t)

vvvvvvv



Case 9 — Poles on the ima%arv axis (multiple pairs)

e Consider two complex pole pairs at s =+3j and at s = -3j

. . I | |
* This means the transfer function would be ¢(+) = ===, T 32)7 (2 1 9)
Impulse Response g(t):Sin(B*t)/54 - (t*COS(B*t))/]-S
b X XPoles
1 f 3 K |
M IIlll |I I|
| y |I | II I| |I |
'I;ﬁlllll II [ II II I| || |
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" |I || I|
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Case 10 — Repeated pdirs of poles in LHP

e Consider a repeated complex pole pair at s =-2+3j and at s =-2-3j (repeated 2 times)
1 |

l —

e . ” )
This means the transfer function would be 6() TS T e T o (TSR ETES T,

Impulse Response | | g(H)=(sin(3*t)*exp(-2*1))/54 - (t*(cos(3*t)*exp(-2t) - sin(3*t)*exp(-
2*1)*11))/36 - (t*(cos(3*t)*exp(-2*t) + sin(3*t)*exp(-2*t)*1i))/36

.
i i g —2 B U T e T
Hloos(3the™ ™ +=m(3t)e” " 1)

10
10 T
\ £ oY sin{3t)e™" tHeos(38)e ™ —sin( 3t e~ )
a2 § i S L 1 \ _ oL | ! -
8 \ git) ) 36 36
I'| Transmission zeros and poles
6 \ X X XPoles
1
1
|I x
1
1] l'lI
= |
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L -~
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Role of a pole (location) irfs

Let’s conclude a few points based on the cases discussed above.

* If all the poles lie in the left half of the s-plane, then the system is
stable.

* If the system has one non-repeated pole on the imaginary axis (in the
origin of s-plane), then the system is marginally stable.

* If any pole lies in the right half of the s-plane, then the system is
unstable

* If the system has any number of pair of poles on the imaginary axis,
then the system is unstable.

23
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Role of a pole (location) ir%(’stem response
A 3(5)

< stable region unstable region —>» ——

24|



Role of a pole (location) irfs

Notice:
Some references say:

* If the system has two or more poles in the same location on the
imaginary axis, then the system is unstable.

* If the system has one pole or non-repeated pair of poles on the
imaginary axis, then the system is marginally stable.

hitps-//manara.edusy/
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Routh-Hurwitz
criterion
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The Routh-Hurwitz Method Stability Criteria

a The method requires two steps:

0 Step #1: Generate a table called a Routh table (Routh array) as follows:
= Consider the characteristic equation which is given by:

A(s)zQ(s)=av45“+av3.<,3+5z25:2 +as +a

Rules for Routh table creation

Any row of the Routh table can be
multiplied by a positive constant without
changing the values of the rows below.

To avoid the division by zero, an epsilon is
assigned to replace the zero iIn the first

column.

hitps-//manara.edusy/
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The Routh-Hurwitz Method Stability Criteria

O Further rows of the schedule are then completed as follows:

.8'4 day 25) ap
.3‘3 as ad 0
|44 az a4 4o |44 O‘
ay dj — b aj 0 — b aj 0 — 0
S @ 1 @ 2 a
a3 aq _|a3 O‘ _ 143 0
by, b, by 0 b, 0
| = =0 =0
by by by o‘ by o‘
SO (o] 0 :dl C1 0 — 0 Cq 0 — 0
C1 C1 C1

Compléted"Rotth table
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The Routh-Hurwitz Method Stability Criteria

O Step #2: Interpret the Routh table to tell how many closed-loop system poles are in
the:

= left half-plane
= right half-plane.
0 The number of roots of the polynomial that are in the right half-plane is equal to the
number of sign changes in the first column.
O Notes:

= 1- If the coefficients of the characteristic equation have differing algebraic, there is at
least one RHP root. For Example:

A(S)=0(8) =78 +55" -3 -25 +5+10

» Has definitely one or more RHP roots.
= 2- If one or more of the coefficients of the characteristic equation have zero value, there are
imaginary or RHP roots or both. For Example:

A(S)=0(5) = +38 +25 +85 +35+17

 has imaginary axis roots indicated by missing s3 term.

https-//manara.edusy, 29
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Examplel oo
Q For the system shown in Figure below, determine closed loop transfer
function T(s) and then apply the Routh-Hurwitz Method to check its

Stability .

R(5) E(S) 1000 C(s)
(s+2)(s+3)(5+5) >

0 Solution: :
= Step #1: Find the system closed loop transfer function T(s)

1000
G(S) (s+2)(s+3)(s+5) 1000
+G(S)H(S) 4., 1000 $+10 ¢ +315+1030

(s+2)(s+3)(s+5)

https-//manara.edusy, 30



Examplel (Cont.) u%

= Therefore, the characteristic eqﬂ%ﬁ]c')n is given by:

A(S) = s +10s? + 31s+ 1030
= Step #2: Generate the Routh table as follows:

Divide by 10

= Step #3: Since. There are two sign changes in the left column.

* therefore, the system is unstable and has two roots in the RHP.

https-//manara.edusy,
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Example?2 oo

O Apply the Routh-Hurwitz Method to determine the stability of a the closed

loop system whose transfer function is given by:
10

38 +558 +658+35 +25+1
a Solution: Generate the Routh table as follows:

7(s) =

There are two sign changes in the left
column, therefore, the system has two
RHP roots and hence it is unstable

6

4.2

1.4

1.33

—1.75

https-//manara.edusy,
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Example3

Example - onsider a System wWith closal loop chav. aq”
Q)= s+ 4™ 6ty 25432 = O and invesinete

Stabihily .- N ~ o -
5“9 WwWe Yq\.m, QCs) = S ¥ LT Hes4rs 43 To

,‘.‘\(‘.'\, RC".L*';'U AT é‘.’ '_. ans (lM((‘
s 1 6 3
| A 2.
s-| .5 2
<' |—o\918

s*] 3
s +
| 4

- I8
s &+ 2
o' | —
$° + 2

Thece are Tup ign changes 10 the fiwt column ot Rodh
at@y. Henee systew is Unshble wih L pPlea in RH.P -+

s— plane.
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Example

>,

E#qmph- Led Q(eSD= _5i*+4_sb+ 6‘5"+ 18 4| o
4  Towshsse shabiiy.

I

r 0 . d
Sol- Wi m.'l_‘l." § ﬁ' """."'i" - -~ L - < - (’: e 4 1 ‘f‘l-ﬁ ,'.r .:,.i
— m r ¥ & . |

Then Roudth anay 5 ad Ures

.11 4 é '
> L4 <.

5:. c. ¢ ‘
5‘\L2;1?~

s°| !

fis 4hee s no Bign Chanyc
In e Rovth avray
¢ fet olumn) the sysiem

s Shable.
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Let us find the stability of the control system having characteristic equation,

s? 4358 +352+25+1=0

Example5

st 1
P 3 2
2 (3x3)—(2x1) - M — 3
5 — = 3 3 3
=1
(%;2)—{1}:3)

T
3

|
—q|q_-|

S[]
All the elements of the first column of the Routh array are positive. There
is no sign change in the first column of the Routh array. So, the control

system is stable.
35
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Special cases of Routh s@éility test and their
remedy v

 Special case-1 when a zero (0) appears in the first column of Routh array,
further calculation is not possible as every element will be infinity and thus
the formation of Routh array terminates.

le4 g

Then the Roulh avvay wil) be

S \ \ Qs

|

S o‘ 03

\ ‘

S 24%% -0 l“ q,-ay =0
!

« Remedy 1- Replace 0 with small positive constant £ 0 and then determine
the remaining elements in terms of £ to Complete the Routh array and then

replace € with 0 to check for sign change in the first column of Routh array.
hitps-//manara.edu.sy/ 36
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Example- Lot Q= sy 3 % 255 gst 4 =0

Examplel zovestete stasiity.
e have QCH).

soft w

. "-i-.‘;‘ ’ "' .., "‘4.;? (:)‘_‘(\ A\ " )

| 2 4

e

s |0»¢ 49

Compede Rodh anay

ot

\ 2 4
3 a
e 4

| jés-1L

s°'

l'n

)

ITo W s

1Y) ‘-‘L;'i;_a;

e '\‘ g
- " y " -~ far ”
) BS 418 4 .',_‘_,“ f- -0

st|+ s fhee av two o0
e kg Changes +he Yy afem 1%
st |+ ) esiable.

T
s
s

‘ .+L)

hitps-//manara.edusy,
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Exa m plez Let us find the stability of the control system having characteristic equation,

st4+258 + 2 +25+1=0

sl 1 1 1
53 21 21
9 (1x1)—(1x1) (1x1)—(0x1)
3 1 T 0 1 T 1
1
s sl 1 1 1
Sﬂ 52 1 1
52 € 1
51 {fixl}filxl} _ el
0 1
° st 1 1
5% 1 1
2 0] 1
There are two sign changes in the first P .

column of Routh table. Hence, the control i
—system-is-unstable. s !

https-//manara.edusy,
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Special cases of Routh s@éility test and their
remedy v

 Special case-1 when a zero (0) appears in the first column of Routh array,
further calculation is not possible as every element will be infinity and thus

the formation of Routh array terminates.
le4 “
Then the Rouh qvvay wil) be

S\\ -

S o‘ 03

\ .
Q|::—q3 - 1+ 9 -ay =o
\

Remedy 2- In this remedy every 's' in the characteristic equation is replaced
by (1/z) to get new characteristic equation. Then form Routh array for this

new characteristic equation and check for sign changes.
https-//manara.edu.sy. 41




[

Example oo

FiAnki el Tr

'S

Example~ Let QD= SH 257 284 454220 g, avey Br Qe s

ol Q@es)z s asH 2 s HYS+32 =o

: 4 )
Routh avvay s 2 =2 3
- &
sty L 3 -
|2 4 o '
s-|o '\ -6
Replace swith L o ¥ %] |
Q)= 25—+ ‘z!'!»“" ;."!'"‘e_"*s:o = As thee are W) TN Changes
=

in e Hut coluym o
- 2214 42" +224224) =0

Rovinr avray $he sy Shem s
https-//manara.edusy uﬂg’ubk.
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Special cases of Routh sg@ility test and their
remedy v

* Special case-2 If all elements in a row of Routh array have all zero

elements then computation of Routh away terminates.

e Remedy - In this case, the row just above the row having all zeros is

considered, and its auxiliary equation is obtained. This auxiliary equation is
differentiated with respect to 's' to get a new auxiliary equation for the row
having all zeros. Then use this for further computations to form a Routh
array.

* In this case, if there is a sigh change in the first column of Routh array
system is Unstable. otherwise, the system is marginally stable.

hitps-//manara.edusy/
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deola

Let us find the stability of the control system having characteristic equation,

5'5—|—354—|—53—352-|—5+3:D

5" 1 1 1
st 31 31 31
(1x1)—(1x1) (1x1)—(1x1)
5" -1 0 -1 0
52
Sl
S']
4 2 5
A{s] — i1 s 1 1 1
4
dA g 5 1 1 1
(3) — 45° + 25 ;
ds s 42 21
. . SE (2x1)—(1x1) — 05 (2x1)—(0x1) 1
There are two sign changes in the 2 2
first column of Routh table. Hence, | Qb)) _ i
. g i i
the control system is unstable. _ _3
g0 1
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Examplel

deol A
: 1|:|'” ImPUIE'E' R'EEPDHE'E‘
8 . . | | |
Poles:
g -3.0000 + 0.00001
0.5000 + 0.86601
4 0.5000 - 0.86601
-0.5000 + 0.86601
2 -0.5000 - 0.86601
B
= ffﬂﬁ
= 0 o |
3 |
= |
) |
2 u
|
|
|
) u
|
¥
-0 IJ |
-2 ! . . | |
0 10 70 30 40

Time (seconds)

ol

60
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Example2 E%V

Example - Conadec o system with Cchav. e QO = §+SSS+SS‘L+‘7}+8.&+&S#Q:O

Trwveshigate shab h'}y Wsing Routh stab; \\"7 %’A%
so  we have, Q=335 s 9> m't 440
The Reuth avtty 1o As H\ s

€| s g 4
S| 3 9 3
st| 2 6 4  congider vow s 4hd s H.£.
s*| o O PCs) = 2s +cs"+l-y
a8y gs 4125 ’
6 | = 8 4 | Ps thae s YW
s| = b . sien chavge in the
s'| + - . £t column of
35 ] P Routtr atvay, The
s-| 3 4 System s mevgirelly
s) |).23A% shblc.
" B |
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Application of Routh stability
test in system analysis
(conditional stability)

48



Examplel >

Example - |

unﬁy fecd back systems has open |ovp Wemsfer furchdm
dans . Detecmine Yame of k- for shabilidy,

(~~:\( 4+55C S84 o)

Valies of k and freyuency of oxillabms ot mavgine) shab )iy

hitps-//manara.edusy,
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Examplel v

so™ We haw, &C3) - K , Nt =)
St s42)CsAs) Cativ

The closed |cop chac. @ is |+ 6¢D HE8)=0

" For stability,
o4+ =0 . k70
SCSAC 34580 2. #4)).36-12% _ .
=y /1 Hs&:}-Sos"‘H”S‘f“:o '*“""*‘%
Routh avay foc CL.CE. i.s, LA ?_‘:t‘_“_?__.
" k < 435.98%6.
S ' e K * The varge of k for stablily is
53 | # X O< k < 435.-986%
irel b)) s
Sl EPRIE™ K Mkmqss.qzs? -7 "U'z'm‘ss ,
S| 34)) F6 - 1K Fvom Tow s'l. we oet, Blso’ m 'lrf)dnﬁa'y ayis,
F4. )76 4. 1136 s=+ k =0 szt Jw
0| Kk LFA))Fe 4 485.9362-0 W= 2.4288 ved/seo

Sz -5.982y L Fry. of oscillabm




Example

3 Exaople-3 for he sy shem with char. & Q(o- Sr2Rst (RS Hy=0

Det=cmywre 1he Tanse of k for .:*hh:'h'*y-
sol” wr have Q)= s+ aks'FCRa2)s 44 =0

—

Lo avRy s os follows

| Kkt2
51 2k “
< JEr)2k-%
2k
& "
For s ab;'!llf*}i
- k>0

2. (EtL2k-4>0

L 2k 44p-H4>0
L
Sk 4-2%0

* (k-0 #3D(k+273250

k 70.734
k>—2.73L

for stability
k D0.732

s Rovge of K Tor shabilidy is

0 FlL< g <D
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Application of Routh sgibility test for system
analysis (relative stability)

* For the stable system all poles are towards left of imaginary axis in s-plane.

* Our interest is to check where all poles are towards left of s=-0.
A JW

—_ >
-0

* Routh stability test can be used to check this by substituting S=Z-0 in
characteristic equation Q(S) to get new characteristic equation Q(Z).

* Then apply Routh stability test to Q(Z) and if there is no sign change in the
first column of Routh array then all poles are towards the left of s=-0.

hitps-//manara.edusy/ 54




Examplel D

Example -1 Cheek whether all foles of system wWith closed lop C-£.
QD - _C';’A’+ 10 s-4 21s 4 20 AR ‘rwawds et 4 0‘ sz -]

=™ ue have QcsD= s*4los+ 3134300
Then Q c2D — C=- '.\'g)—%- jo (_z~!)‘°+ aycz-1D 30 =0
f22 a2t a3z 4 loz— 202 +10+8)2—3) +30.50
s Qea) = 243722414248 =0

Routh, anay for Qez) |y,

e B 14
2?. 7 <
2! ||2.95 %)

2" | 8

fis Hhee is no Sign Charpe in the
At couwm o Rorcth amay, ad)

fles of Qe av inthe left o
S==).

Smanaraedusy,
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Example2 D

EXample-2 For the system with closed |oop chav. €4

ACS)= sH i 4634 k=0 detecmine vame o k for
=dabilidy. Plse determine Yanye o k such thet al) closed

|op poles awe Jebt of s=—).
so|C we Mave Qes)= S+ h s+ 6s+E =0

QO\L’*"‘P fod\, LS- v 81 'FD”@LB, ﬁ‘ S’.h"\;”
‘3’\ \ G I k>0

s| a ¥ 2. kery

) Ly -k ’. Rampe & k fo¢
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e | O k £ 15
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Example2

|
@(2)=(2-1% 9¢2-17+ 6C2-1D+E =0
@Acz2) = E'l:'-]-zi-r.&z- | + -'-fzf';s:.-f*r +oz6+ k=0
Qe = 2%4292+k-3

Routh avray s os l)ows
3
-

p
b
W

-

2'|1-k+2

=] k-3
foc s ftab; l'f"!}r
. ¥-3>0
R -
2. 4-k >0
ke 5
. The Wange o:f- k. fr having al) ol n e lefF

ot s=-1 s,
<<y
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