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Verify that A, is an eigenvalue of A and that x, is a corresponding eigenvector

(2 0] A4=2%=(01,0)
© A_[o —2}’ A, =-2,2,=(0,1)

ooy STl ]
e AHE{ e

[4 =51 A =-Lz =(11)
@ A_[z —3} A =2,2,=(52)
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st S
ot S

A =5z =(1,2,-1)
B A=|2 1 -6|, A4 =-3,z,=(-2,1,0)

1 2 0| A=-32=(0,1)
2 2 31] [5] [1]
Az, =| 2 1 -6 2 |=|10]=5|2 |=Az
-1 2 0] -1] |-5] [-1
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MU-EPP-FM-005 Issue date 17 November 2025 issue no: 1

https://manara.edu.sy/

3/35


https://manara.edu.sy/

Eigenvalues and Eigenvectors

D R 2025-2026
A

deola
0)liaJl
2 2 321 6] [-2
Az, 2 1 -6] 1 3|1=-3| 1 |=4z,
-1 -2 0|0 0 | 0
-2 2 3][3] [-9] 3]
Az, 2 1 610 0 |=-3|0|=A4=x,
-1 -2 0 || 1| [-3] 1
Determine whether x is an eigenvector of A4
(a) x=(1,2)
@ A- 7 2} (b)z=(2,1)
2 4 (¢c)x=(1,-2)
(d) x=(-1,0)
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(a) Ax = B ﬂ B} = B(ﬂ # ZB} x 1s not an eigenvector of A

7 2|2 16 o)
SRR
x 1s an eigenvector of A (with a corresponding eigenvalue 8)

©4o=|2 42l

x 1s an eigenvector of A (with a corresponding eigenvalue 3)

(d) Az = B ﬂ [_01} = B(ﬂ # ,{_01} x 1s not an eigenvector of A
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__1 _1 1_ (a)w:(29_476)
(b) x=(2,0,6)
A=]-2 0 -2
@ 3 _3 1 (C) L= (29 29 O)
- - (d)x=(-10,1)
-1 -1 1][2] | 8 o4
() Ae=|-2 0 —2||-4|=|-16|=4|-4
3 3 1] 6] |24 | 6 |

x 1s an eigenvector of A (with a corresponding eigenvalue 4)

-1 -1 112 4 2
(b) Ax=|-2 0 -2|/0|=|-16|4|0| xisnotan eigenvector of A
3 -3 11{6 12 6
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-1 -1 1 ][2] [—4] 2|

(c) Az=|-2 0 2||2|=|-4|=-2|2

'3 =3 1|[0] | O] 6

1 -1 1[=1] [2 -1
d) Az=|-2 0 =2|| 0 |=| 0 |==2] 0
3 3 11| |2 |1

x 1s an eigenvector of A (with a corresponding eigenvalue —2)
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Find (a) the characteristic equation and (b) the eigenvalues (and corresponding

eigenvectors) of the matrix

© 4= :—62 _13}

(a) M—A|=‘}“;6 3

— 2_ — —_ —
1_1‘_/1 TA=A(1-T7)=0

(0) 4 =0,4, =7

Ul e S H e W

The solution 1s {(¢, 2t): t € R}. So, an eigenvector corresponding to A, =0 1s (1, 2)
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LR T

G Y] H s R

The solution 1s {(=3¢, ?): t € R}. So, an eigenvector corresponding to A, = 7 1S

(_39 1)
(2 0 1]
2) A=|0 3 4
0 0 1]
A-2 0 -1
(a) |AI-Al=| 0 A-3 —4|=(1-2)A-3)(A-1)=0
0 0 A-1

(6)2,1:2,/12:3,13:1
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A4-2 0 -1]lz] |0 01 0llz] |O
A =2, 0 A4-3 -4 |ly|=|0|=]|00 1|ly|=|0
0 0 A4-1jz] |0] |0 OOjz| O]

The solution 1s {(¢, 0, 0): ¢ € R}. So, an eigenvector corresponding to A, =2 1s

(1,0, 0)
A,-2 0 -1 [z] [o]l [1 0 ollz] [O]
A, =3, 0 A4,-3 -4 ||ly|=|0|=]00 1| y|=/0
0 0 A4-1|lz| [0] [0 0 O =z| |O]

The solution 1s {(0, ¢, 0): ¢ € R}. So, an eigenvector corresponding to A, = 3 1s
(0,1,0)
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A=2 0 -1 ||z 0 1 0 1|z 0
A =1, 0 A4A-3 4 (lyl=|0|=|01 2|y|=|0

0 0 A-llz| [0] |oo0of=z] |o

S={(-t,-2t, t): t € R}. So, an eigenvector corresponding to A; = 1 is (-1, -2, 1)

1 2 2]
B3 A=|-2 5 =2
-6 6 -3
A-1 =2 2
(@) [AI-Al=] 2 2-5 2 |=(A+3)(4-3)*=0
6 -6 A+3

(0) A4, =-3, 4, =3 (repeated)
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A-1 =2 2

A=-3, | 2 A4-5 2
6 -6 A+3

(0] [—4 -2 2]
Ol=| 2 -8 2
0] |6 60

-1 o
y|=10
_Z_ _O_

2025-2026

The solution 1s {(¢, ¢, 31): t € R}. So, an eigenvector corresponding to A, = -3

is (1,1, 3)

6 6 AL+3

0] [2 -2 2]
0|l=[2 =2 2
0] |6 -6 6

z] [0]
y|=10
z _0_

The solution 1s {(s — ¢, s, ?): s, t € R}. So, two eigenvectors corresponding to

A, =3 are (1,1,0) and (1, 0, —1)
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Find (if possible) a nonsingular matrix P such that P1AP is diagonal. Verify that
P1AP is adiagonal matrix with the eigenvalues on the main diagonal

6 -3
® a5 7]
A-6 3

|/II—A|:‘ :

_ 22 _ — _ 7\ =
/1_1‘_;1 T4 =A(A-T)=0

oo 5 LG ST

The solution 1s {(%, 2t): ¢t € R}. So, an eigenvector corresponding to A, = 0 1s
(1,2)
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S={(-3t 7): t € R}. So, an eigenvector corresponding to A, =7 1s (-3, 1)

1 -3 L1 3
P{z ] = F ‘7{—2 1}

G L1 376 =371 =37 [0 o
Prar=51, 1}[—2 1}{2 1}{0 7}

2 0 1]
2) A=|0 3 4
001
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A=-2 0 —1
AI-Al=| 0 1-3 —4|=(A-2)(A-3)(A-1)=0
0 0 A-1
21:2,/12:3,13:1
4, -2 0 —1 I[z] [o] [0 1 ollz] [O
A =2, 0 A4-3 -4 |ly|=|0|=]|00 1|ly|=|0
i 0 0 21—1__z_ _O_ _0 0 O__z_ _O_
S={(t,0,0): ¢t € R}. So, an eigenvector corresponding to A, =2 is (1, 0, 0)
A,-2 0 -1 |[z] [o] [1 00| =z]| [O]
A, =3, 0 -3 -4 y|(={0|=0 0 1|y|=|0
] 0 0 /12—1_ k2 _0_ _O 0 O_ k2 _O_
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S5=1{(0,t,0):t € R}. So, an eigenvector corresponding to A, =3 1s (0, 1, 0)
-2 0 -1 ][z] [0o] [1 0 1][z] [O]

A, =1, 0 A4-3 4 (lyl=|0(=|01 2{y|=|0
0 0 A4-1jlz| |0] [00O0j=2| [O]

S={(-t,-2t, t): t € R}. So, an eigenvector corresponding to A, =1 1s (-1, -2, 1)

(1 0 -1 1 0 1

P=|01=2| = P'=|01 2

00 1| 0 0 1]
10 1|20 1|1 0 =1] [2 0 O]
Pl'AP={01 2|0 3 4l0 1 =2(=|0 3 0
00 1]/00 1|00 1| |00 1]
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o2 =
@ A=|-—2 5 =2
-6 6 -3
A-1 =2 2
AT-Al=| 2 A-5 2 |=(A+3)(A-3)*=0
6 -6 A+3
A =-3, 4, =3 (repeated)
A-1 =2 2 |lz] [0o] [-4 =2 2][z] [0
A =-3, 2 A-5 2 y|=|0|=|2 -8 2|y|=|0
6 -6 A4 +3]z| |0] |6 -6 0] =2| |0]
S={(t,t,3t): t€ R}. So, an eigenvector corresponding to A, = -3 1s (1, 1, 3)
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2 lz] [0
2 y (=10
AH+3)z| 0]

@)W \O I \O)

[\
@) N \O I\

(\)

@)\

2025-2026

The solution 1s {(s — ¢, s, t): s, t € R}. So, two eigenvectors corresponding to

A, =3 are (1,1,0) and (1, 0, 1)

(11 1 1 1 1 -1
P=l11 0| = P'=—|-1 4 -1
30 -1 1 -1 0
1'1 1 =11 2 =211 1] [-300
P'AP=—|-1 4 -1||-2 5 =211 0]=l0 30
31 -1 0/-6 6 =3||30-1] |0 03
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@) A=|121
10 2
A-1 0 0
AT-Al=| -1 2-2 -1 |=(A-1D(A-2)>=0
-1 0 A-2

A =1, 4, =2 (repeated)

A-1 0 0 T 0 0 0 0]z 0
A =1, -1 A4-2 -1 |ly|=|0|=|-1 -1 -1||y|=|0
-1 0 A4-2] =2 0 -1 0 -1]|=z 0

S=1{(-t,0,%):t€ R}. So, an eigenvector corresponding to A, =1 1s (-1, 0, 1)
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L,-1 0 0 T 0 1 0 0]l= 0
A =2, -1 A4-2 -1 ||y|=|0|=|-1 0 —-1{||ly|=|0
—1 0 A -2|= 0 -1 0 0 ||z 0

S=1{(0, 1t 0): t€ R}. So, an eigenvector corresponding to A, =2 is (0, 1, 0).
There are just two linearly independent eigenvectors of A. So, A is not

diagonalizable
Find A’
1 2 (a) Find eigenvalues of the matrix A
Let A= [4 3} (b) Find eigenvectors for each eigenvalue of A

(c) Diagonalize the matrix A
(d) Calculate A’
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(a) |M—A|:/1_l - =17 —41-5=(1-5)A+1)=0
-4 1-3
=>A4=-14, =5

B A-1 =2 |(lz]| |0 -2 2lz| |0
LRl Y S o S W
S={(t,—1t): t € R}. So, an eigenvector corresponding to A, =—1 1s (1, —1)

et N P MR I

The solution 1s {(?, 2?): ¢ € R}. So, an eigenvector corresponding to A, = 5
1s (1, 2)
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1 1

~ S 1[2 -1
(C)P_[—l 2} = b _3[1 1}
Coigp L2 -1 21 1] [-10
p=rar=37 430 )0 S
(d) A=PDP'= A’ =pD’P!

A7—l 1 1] (=D o2 -1 126041 26042
S 30-1 2 o 571(|1 1] |52084 52083
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Determine whether the matrix is orthogonal
"G i
| 2 2
O 4= _N2 N2
2 2]
Because the column vectors of the matrix form an orthonormal set, the matrix 1s
orthogonal
4 0 3
2 A=|0 10
' 3 0 4]

Because the column vectors of the matrix do not form an orthonormal set
[(—4, 0, 3) and (3, 0, 4) are not unit vectors], the matrix is not orthogonal
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Show that the matrix below is orthogonalhfhch)r any value of @

cos —sind
® A|ime ot

sinf cosé
A4 1 {cos@ sinﬁ}:AT

cos’ @+sin’ @] —sin@ cosd

Prove that if is an orthogonal matrix, then det (A4) = +1
If A is orthogonal, then AAT = I. So,
1=det(AA") =det(A)det(A") = det(4A*) = det(A4) = +1

2025-2026
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Find a matrix P such that PTA P orthogonally diagonalizes A. Verify that PTAP

gives the correct diagonal form

1 1]

® 4y
A-1 -1

-1 A-1

[ A H-E e

S={(t,—1): t € R}. So, an eigenvector corresponding to A, =0 1s (1, 1)

i (] O 0 MY

AT - A|=

‘:(1—1)2—1:0321:0,12=2
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The solution 1s {(%, ?): ¢ € R}. So, an eigenvector corresponding to A, =2 1s (1, 1)

[1 1} _ P:{l/\/i 1/\/5}

-1 1 BYNGIRING)
P p | VN2 —1N2 [1 1} N2 142 _[o o}
N2 A2 | U -2 2] L0 2
2 0 1]
2) A=|0 3 4
00 1
A-1 1 =2
AT-Al=| 1 -1 =2 |=(A-2)(A+2)(1-4)=0
2 2 Ai-2
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33 =272 J6/6

[y

-

Lo

The eigenvalues are A, = =2, A, = 2, and A; =4, with corresponding eigenvectors
(—1,-1,1), (-1, 1, 0), and (1, 1, 2), respectively. Normalizing:

2025-2026

P=|-J3/3 ~2/2 6/6
B33 0 V63
B 3B V3 V2 6
RN ] R
T
PTAP=|-¥2 2 0| -1 1 2f-¥ &2 &
s |2 2 2]l 5 o s
|6 6 3" 3 3
2 0 0
=10 2 0
0 0 4]
Issue date 17 November 2025 issue no: 1 https://manara.edu.sy/ 27/35
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Solve the system of first-order linear differential equations
Y = - 3y, + 5y
D vy, = -4y, + 4y, — 10y,
Y3 = 4y

191’ 0 -3 S|y
y=|y,|=|-4 4 -10||y, |=Ay
_?J:;_ i 0 0 4 Y3

The eigenvalues of A are A, = -2, A, = 6 and A; = 4, with corresponding
eigenvectors (3, 2, 0), (-1, 2, 0) and (-5, 10, 2), respectively. So, diagonalize A
using a matrix P whose column vectors are the eigenvectors of A.
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3 -1 -5 (2 0 0]
P=|2 2 10|and P'AP=| 0 6 0
0 0 2 0 0 4]

The solution of the system w' = PIAP'w is w; = Cie™?, w, = Cye®, wy; = Ciet.
Return to the original system by applying the substitution y = Pw

y, | [3 -1 =5][w, 3w, —w, — Sw,

y=\y, |=|2 2 10||w, |=| 2w, +2w, +10w,

y3 | |00 2wy | 2w, |
So, the solutionis 3, = 3C,e™> —Ce® —50C,e"
y, = 20,7 +2C,e +10C,e"
Yy = 2C,e"
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Use the Principal Axes Theorem to perf6ﬁh a rotation of axes to eliminate the xy-
term in the quadratic equation. Identify the resulting rotated conic and give its
equation in the new coordinate system

D) 22% +4zy+2y* + 6722+ 22y +4 =0

. . . a b/2 2 2
The matrix of the quadratic form1s A = =
b/2 ¢ 2 2

This matrix has eigenvalues of 0 and 4, with corresponding unit eigenvectors
1

and (ﬁa_f) respectively (%,%)

1 1 0 0
Let P= le ? andPTAP:{ }
% B U e

MU-EPP-FM-005 Issue date 17 November 2025 issue no: 1 https://manara.edu.sy/ 30/35


https://manara.edu.sy/

Eigenvalues and Eigenvectors P 2025-2026

ojligJi

This implies that the rotated conic is a parabola. Furthermore,

T -
[d P=[6v2 22]| 2 7 |=[4 8]=[d" ]
-5 %

So, the equation 1n the 2'y'-coordinate system is,

4(y") +42' +8y' +4=0
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® 4-

-3 10
5 2
-1 -1
-2 0
3 3

1
-2
1

6)liaJl

Determine whether xis an eigenvector of A

(a) z=(4,4)

(b) T =(-8,4)
(z=(-48) (d)z=(5-3)

(@) z=(2,-4,6) (b)x=(2,0,6)
(¢)x=(2,2,0)

(d)z=(-1,0,1)

2025-2026

Find (a) the characteristic equation and (b) the eigenvalues (and corresponding
eigenvectors) of the matrix

®A:{—28} @ A=|0 3 =2 (3 A=|00 2
0 -1 2 020
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Find (if possible) a nonsingular matrix P such that P-1AP is diagonal. Verify that
P1AP is a diagonal matrix with the eigenvalues on the main diagonal

| 4 1 0 2]
® A=[ _} @ A=|01 0
8 201
2 -1 1] 3 2 2]
@ A=|-2 3 -2 @ A=|—2 0 -1
-1 1 0 2 -1 0|
Find A’
1 2 (a) Find eigenvalues of the matrix A
Let A= [1 0} (b) Find eigenvectors for each eigenvalue of A

(c) Diagonalize the matrix A (d) Calculate A
issue no: 1 https://manara.edu.sy/ 33/35
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Determine whether the matrix is orthogonal
1 A3 -5 0 3
O A=| 2 ? 2 A=| 0 10
31 3 4
2 2 5 0 5

Find a matrix P such that PTA P orthogonally diagonalizes A. Verify that PTAP

gives the correct diagonal form

1 2 01
@A:L J @ A=[0 3 4
001
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Solve the system of first-order linear differential equations
yp =6y, —y, + 2y
@ Yy = 3Y, — Ys

Yy = Y3

Use the Principal Axes Theorem to perform a rotation of axes to eliminate the xy-
term in the quadratic equation. Identify the resulting rotated conic and give its
equation in the new coordinate system

(1) 92° —24zy +16y* =400z —300y = 0
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